The new concept of weak commutativity of type (KB) is used to prove some fixed point theorems for set and single-valued mappings. We show that continuity of any mapping is not necessary for the existence of common fixed point. We also show that completeness of the whole space can be replaced by a weaker condition.
Introduction
Sessa [15] introduced the concept of weakly commuting maps. Jungck [4] defined the notion of compatible maps in order to generalize the concept of weak commutativity and showed that weakly commuting mappings are compatible but the converse is not true. Jungck and Rhoades [5] , [6] defined ¿-compatibility and weak compatibility between a set valued mapping and a single-valued mapping and generalized the weak commutativity defined in [3] .
Fixed point theorems for set valued and single-valued mappings provide technique for soling variety of applied problems in mathematical sciences and engineering, (e.g. Krzyska and Kubiaczyk [8] , Sessa and Khan [16] ).
Number of these theorems are very useful but their hypothesis are very difficult to satisfy as they require continuity and compatibility of involved mappings. There are so many functions which are not continuous but have a fixed point. For example the function f defined on R by
This function f is not continuous at 0 but has 0 as a fixed point. 
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It follows immediately from the definition of ¿(A, B) that
S(A, B) = S(B, A) > 0, S(A, B) < 6(A, C) + S(C, B) S(A, B) = 0 iff
A sequence {A n } of nonempty subsets of X is said to be convergent to a subset A of X if (i) Each point a in A is the limit of a sequence {a n }> where a n is in A n for all n G N.
(ii) For arbitrary e > 0, there exists an integer in such that A n C A e for n > m, where A e = {x G X : 3a G A, a depending on x and d(x, a) < e}. A is said to be the limit of the sequence {A n }. Note that if F is single-valued mapping then the set {fFx} consists of a single point. Therefore, diam fFx = 0 for all x G X and above inequality reduces to the well known condition given by Sessa [15] ; that is d{Ffx, fFx) < d (fx, Fx) for all x in X.
Two commuting mappings F and / are weakly commuting but the converse is not true as shown in [3] .
DEFINITION 2.3 ([5]
). The mappings F : X B(X) and / : X X are 5-compatible if lim^-nx, S(Ffx n , fFx n ) -0 whenever {x n } is a sequence in X such that fFx n G B(X), Fx n -> {i}, fx n -> t for some t in X. DEFINITION 
([9]
). The mappings f,g : X -» X will be called R-weakly commuting, provided there exists some positive real number R such that
for each x in X. f and g will be called R-weakly commuting at a point x if d(fgx, gfx) < Rd(fx, gx) for some R > 0. 
S(ffx,Ffx)<RS(fx,Fx).
Here / and F are weakly commuting of type (KB) on X if above inequality holds for all If f is single-valued self mapping of X the definition of weak commutativity of type (KB) reduces to Definition 2.6. Fx) for all x G X. Thus / and F are weakly commuting of type (KB) on X but there exists no sequence {xn} in X such that condition of compatibility is satisfied. Proof. Let xq G X be an arbitrary point in X. By (1) we choose a point x\ in X such that gx 1 6 Fx0 = Z\ and for this point x\ there exists a point X2 in X such that fx2 € Gx 1 = and so on continuing in this manner we can define a sequence {xn} as follows:
Main results
THEOREM 3.1. Let f,g : X -> X and F,G : X -> B(X) be mappings such that
Let Vn = 6(Zn, Zn+1) for n = 0,1,2,... By (2) we have
< CL maxi^!yiJ + C2V2n-l{V2n-l + V2n). Consequently, fx2n -• Moreover we have for n = 1,2,3,...
If V2n > V'in-i then we have
6(Fx2n, z) < S(Fx2n, fx2n) + S(fx2n, z),
Therefore 8{Fx2 n ,z) -> 0. Similarly 6(Gx2n-i,z) -> 0. n = 1,2,3 
By (2) for
+ C2 max{<5(/u, Fu).6(fu, Gv),5(gv, Fu).S(gv, Gv)} + c3S(fu, Gv).S(gv, Fu).
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So we have S 2 (Fu, Gv) < c\5 2 (Fu, Gv) and since c\ < 1, we can see that Fu = {fu} = {gv} = Gv = {z}.
Since Fu = {fu} and the pair {F, /} is weakly commuting of type (KB) at coincidence points in X we obtain S(ffu,Ffu) < R5(fu, Fu), which gives {fz} = Fz.
Again since Gv = {gv} and the pair {G, g} is weakly commuting of type (KB) at coincidence points in X we obtain S(ggv, Ggv) < R6(gv, Gv), which gives {gz} = Gz. By (2), we have Since ci + C3 < 1, it follows that Fz = {z}. Consequently, we have {z} -Fz = {fz}. Similarly {z} -Gz -{gz}. Therefore we have {z} = {fz} = {gz} = Fz = Gz. Finally, we prove that z is unique. If not let w be another common fixed point such that z ^ w and {it;} = {fw} = {gw} = Fw = Gw. By (2), we have Since c\ + C2 < 1. Then z = w. This completes the proof.
REMARK 3.1. Theorem 3.1, improves and generalizes the result of Rashwan and Ahmad [14] in the sense that 5-compatibility is relaxed by weak commutativity of type (KB), continuity of any mapping is not required and completeness of the whole space X is replaced by completeness of f(X) or 9(X). for all x, y G X where c\ + 2c 2 < 1, c 2 + C3 < 1, ci, c 2 , C3 > 0, (9) f(X) is complete, (10) the pair {F, /} is weakly commuting of type (KB) at coincidence points in X.
Then there exists a unique fixed point z in X such that {z} = {fz} = Fz.
For a set valued map F : X -> B(X) (respectively a single-valued map f \ X X), F* (respectively /*) will denote the set of fixed points of F (respectively /). Since ci < 1, it follows that {u} = Gu. Thus (/* n g*) n F* c (/* n g*) n G*.
Similarly one can show that (/* n g*)nF* d (/* n g*)nG*. 
